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A Split Execution Model for SpTRSV
Najeeb Ahmad, Buse Yilmaz, and Didem Unat
Abstract—Sparse Triangular Solve (SpTRSV) is an important and extensively used kernel in scientific computing. Parallelism within
SpTRSV depends upon matrix sparsity pattern and, in many cases, is non-uniform from one computational step to the next. In cases
where the SpTRSV computational steps have contrasting parallelism characteristics– some steps are more parallel, others more
sequential in nature, the performance of an SpTRSV algorithm may be limited by the contrasting parallelism characteristics. In this
work, we propose a split-execution model for SpTRSV to automatically divide SpTRSV computation into two sub-SpTRSV systems and
an SpMV, such that one of the sub-SpTRSVs has more parallelism than the other. Each sub-SpTRSV is then computed using different
SpTRSV algorithms, which are possibly executed on different platforms (CPU or GPU). By analyzing the SpTRSV Directed Acyclic
Graph (DAG) and matrix sparsity features, we use a heuristics-based approach to (i) automatically determine the suitability of an
SpTRSV for split-execution, (ii) find the appropriate split-point, and (iii) execute SpTRSV in a split fashion using two SpTRSV
algorithms while managing any required inter-platform communication. Experimental evaluation of the execution model on two
CPU-GPU machines with a matrix dataset of 327 matrices from the SuiteSparse Matrix Collection shows that our approach correctly
selects the fastest SpTRSV method (split or unsplit) for 88% of matrices on the Intel Xeon Gold (6148) + NVIDIA Tesla V100 and 83%
on the Intel Core I7 + NVIDIA G1080 Ti platform achieving speedups up to 10× and 6.36×, respectively.
Index Terms—Sparse triangular solve, CPU-GPU computing, heterogeneous computing, sparse linear systems, SpTRSV, SpTS
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I NTRODUCTION

S

PARSE triangular solve (SpTRSV) is an important computational kernel used in many scientific and engineering applications and appears in direct and iterative solvers
and least square problems. When compared with other
sparse kernels such as sparse matrix-vector multiplication
(SpMV) and sparse matrix transposition [1], SpTRSV is an
inherently sequential operation. Consequently, it has been
observed to be one of the major time-consuming operations
in many numerical applications [2], [3].
The sequential nature of SpTRSV stems from interdependencies among SpTRSV computations, forcing it to
be completed in several sequential steps (or levels). These
dependencies can be represented as a direct-acyclic-graph
(DAG). Empirical evidence from existing research has
shown that while highly parallel algorithms perform exceedingly well for DAGs having few levels with a high
number of unknowns, sequential algorithms perform better
for matrices with DAGs having a high number of levels
with few unknowns [3], [4], [5], [6]. The number of levels
and unknowns computed within each level depends upon
the sparsity pattern of the input triangular matrix. For
systems with matrices having a mix of highly parallel and
sequential levels, a parallel algorithm is expected to provide
benefits for levels with a large number of unknowns, but
the performance is expected to deteriorate for levels with
few unknowns [7]. The converse can be said about the
performance of sequential algorithms for such matrices.
This observation leads to an interesting research question of
whether one can split the single SpTRSV into two parts and
use a different algorithm for each part to solve the system.
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There are several challenges associated with developing
such a split execution model to improve overall performance. Firstly, the model must decide whether a given DAG
is suitable for split execution, in other words, whether the
matrix has enough disparity in the degree of parallelism in
various parts of its DAG such that one part of the DAG is
more parallel and the other is more serial. Once a DAG is
found to be suitable for split execution, the split point and
affinity of each part of the DAG to the respective algorithms
and platforms (CPU or GPU) are to be determined. Then
the model must manage data structures such that each
SpTRSV algorithm receives all its inputs in the desired form
while keeping the overheads as low as possible. Finally,
the CPU-GPU communication must be managed so that
the communication costs do not cancel out the attained
performance gains.
To address these challenges, we develop an extensible
and fully automatic execution framework that uses lightweight statistical DAG analysis and a heuristic-based algorithm to distribute SpTRSV computations between two
algorithms and potentially execute them on two different
platforms. We leverage an existing portfolio of SpTRSV
algorithms and choose the appropriate one for each part.
Our framework transparently handles all the data structure
changes and data movement required for migrating the
work from one platform to another during execution. The
framework is implemented as a C++/CUDA library and
evaluated on two state-of-the-art CPU-GPU platforms.
To the best of our knowledge, the closest work to ours is
presented in [8]. The author proposes a strategy, called HTS,
to partition SpTRSV computation into parts and perform
SpTRSV using a level-scheduling algorithm on one part
[9] and a recursive blocking algorithm on the other. The
strategy is designed to work on multi-core CPU systems.
Another closely related work by Lu et al. [10] uses a recursive blocking strategy for SpTRSV on the GPUs in which
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they recursively split a triangular matrix into parts and
use SpMV and SpTRSV on the sub-matrices. Their method
aims to equally divide (same number of rows) the triangular
matrix based on the pre-selected recursion depth and adaptively select SpMV and SpTRSV kernels for the resulting
sub-matrices. Unlike our work, they always split the matrix,
decide split points based on the recursion depth (instead
of matrix characteristics), and target GPUs only. While our
framework utilizes the HTS library for SpTRSV execution
on the CPU, we target a broader range of algorithms and
platforms (e.g., GPU). Moreover, we develop heuristics to
assess the suitability of a matrix for split-execution as splitexecution does not always provide performance benefits.
Lastly, we explore cases where split execution can enhance
the performance of certain matrices even if the same algorithm is used for each split part.
The contributions of this work are summarized below:
•
•

•

•

•

•

2

We devise a split execution model for SpTRSV to
improve the SpTRSV performance.
We develop heuristics to determine the suitability of
a sparse triangular system for split execution and
determine the split-point for such systems.
We select appropriate algorithms and platforms for
each split part for systems found suitable for split
execution.
We demonstrate how split execution can enhance
the performance of an SpTRSV solver for certain
matrices even if the same algorithm is used for each
sub-system.
We evaluate the performance and overhead of the approach on two CPU-GPU platforms using a diverse
set of matrices.
Finally, the split SpTRSV framework is available at
https://github.com/ParCoreLab/Split SpTRSV.

BACKGROUND AND M OTIVATION

SpTRSV refers to the solution of linear systems of the form
Lx = b or U x = b, where L and U are strictly lower
and upper triangular sparse matrices, respectively, and b
is a dense vector. In this paper, we consider square L and
U matrices of sizes n × n and vector b of size n. As the
solution of the lower triangular system (Lx = b) is similar
to the solution of the upper triangular system (U x = b),
subsequent discussions will focus on the lower triangular
system.
Algorithm 1 shows serial SpTRSV for a lower triangular
system where matrix L is stored in CSR (compressed sparse
row) format with row pointer array rowP tr, column indices
array colIdx, and values array val. As evident, the computation of an unknown x (line 6) depends upon previously calculated x values (line 4). This makes SpTRSV an inherently
sequential operation. In the case of sparse matrices, however, as most of the matrix entries are zero, some unknowns
may depend upon none or the same group of previously
calculated unknowns rendering their parallel computation
possible. To elaborate on this, consider the sparsity pattern
of a sample lower triangular matrix L shown in Figure
1(a). Here, the red dots represent non-zero values. The
relationship between computations of different unknowns
for this matrix is represented by a DAG in Figure 1(b) where
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Fig. 1. (a) Sparsity pattern of a sample lower triangular matrix L and (b)
its dependency graph (DAG)

Algorithm 1 SpTRSV in CSR format
1: for i = 0, ..., n − 1 do
2:
sum = 0
3:
for j = rowP tr[i], ..., rowP tr[i + 1] − 2 do
4:
sum+ = val[j] × x[colIdx[j]]
5:
end for
6:
x[i] = (b[i] − sum)/val[rowP tr[i + 1] − 1])
7: end for

the nodes represent unknowns and edges represent their
inter-dependencies. Nodes in the DAG are arranged from
top to bottom in levels such that nodes within a level have
no inter-dependencies. Consequently, the parallel SpTRSV
is intra-level parallel and inter-level sequential.
For the parallel solution of sparse triangular systems, two algorithm classes are widely used, namely 1)
level-scheduling algorithms [11], and 2) self-scheduling or
synchronization-free algorithms [12]. Many implementations
of these algorithms are available for the CPUs [9], [13],
[14] and the GPUs [4], [5], [6], [15]. These algorithms are
comprised of two phases, an analysis, and a solve phase.
In level-scheduling algorithms, the analysis phase discovers
levels [11] in the DAG while in self-scheduling algorithms
indegrees of the nodes are calculated [5]. Some variants of
self-scheduling algorithms also discover levels in the DAG
[6], [16]. In practical settings, a solver can have the same
triangular matrix for tens of iterations and the same nonzero
pattern for hundreds or more iterations. Based on this
observation, the analysis phase can be further classified into
symbolic analysis and numerical phases [8]. Here, the symbolic
analysis phase is the same as the previously described analysis phase, while the numerical phase refers to modifying
the matrix nonzero values without changing its nonzero
pattern. In the solve phase, the triangular system is solved
using the information gathered during the symbolic analysis
phase. During the solve phase, level-scheduling algorithms
require a synchronization barrier between two consecutive
levels, i.e. computations on the next level can only begin
once all unknowns within the current level have been completed. In self-scheduling algorithms, computations on an
unknown can start as soon as all its dependencies are met.
Existing research has shown that while a highly parallel
algorithm performs exceedingly well for DAGs having few
levels with a high number of unknowns (fat levels), a sequential algorithm performs better for matrices with DAGs
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Fig. 3. (a) Sparsity pattern of the lower triangular part of matrix bfwa62
from the SuiteSparse collection. (b) Sparsity pattern of the DAG rearranged version of the matrix in (a) and its division into two triangular
matrices and a rectangular sparse matrix for split execution

Fig. 2. Rows(Unknowns) per-level plots for SpTRSV DAGs of some
matrices from SuiteSparse collection

having a high number of levels with few unknowns (thin
levels) [3], [5], [17]. Figure 2 shows a representative set of the
unknowns-per-level histograms for SpTRSV DAGs of some
matrices taken from the SuiteSparse collection [18]. The
DAG for matrix parabolic fem, shown in Figure 2(a), has only
7 levels, each with tens of thousands of unknowns. Such
SpTRSV DAGs are perfect candidates for execution using
parallel algorithms. A less parallel DAG for pdb1HYS is
shown in Figure 2(b) that has a large number of levels, each
with less than ten unknowns. DAGs of this type are more
suitable for execution using less parallel algorithms. The
matrices Freescale1 and lung2 in Figures 2(c) and (d) have
DAGs with fat levels on one side and thin levels on the other
side of the histograms. For such matrices, while a highly
parallel algorithm is expected to give better performance on
fat levels, its performance will drop for computations on
thin levels. Similar can be said about a less parallel SpTRSV
algorithm whose better performance on thin levels will be
offset by its performance degradation on fat levels. In short,
the presence of contrasting types of level fatness in DAG
results in attaining less than optimal SpTRSV performance.
Intuitively, for such DAGs, SpTRSV performance is expected
to improve if fat levels are executed using a highly parallel
algorithm and thin levels using a sequential one.
Other DAGs may have multiple regions suitable for a
highly parallel or a sequential algorithm such as symmetric
DAG of atmosmodd in Figure 2(e) that has thin levels on
either side of the DAG and fat levels in the middle. In the
DAG of Figure 2(f), there is no clear distinction between fat
and thin levels as the other examples. For simplicity and to
reduce overheads, we limit the number of split points to one
in this work, leaving the study of multi-split-point SpTRSV
execution as future work.

3

T HE S P TRSV S PLIT E XECUTION M ODEL

The split execution model of SpTRSV is based on the
concept that a triangular matrix can be split at a level
into multiple on-diagonal smaller sub-triangular matrices
and many rectangular sub-matrices. Consider the lower
triangular matrix corresponding to the ILU(0) factorization
of a sparse matrix in Figure 3(a) and the row rearranged
version of the same matrix shown in Figure 3(b). The rows

are rearranged based on SpTRSV DAG such that the rows
corresponding to level 1 are on top of the matrix, followed
by rows in level 2 and so on. Figure 3(b) also shows how
the row rearranged matrix can be subdivided into two
sub-triangular matrices (I and III) and a rectangular sparse
matrix (II). Then by applying SpTRSV individually on the
triangular matrices and sparse matrix-vector multiplication
(SpMV) on the rectangular sparse matrix in a specific order,
the overall SpTRSV solution for the triangular matrix can
be obtained. In particular, by (i) getting the solution of
the first on-diagonal triangle (SpTRSV 1), (ii) performing
SpMV of the SpTRSV 1 solution with the rectangular sparse
matrix (II) and projecting the result to the right-hand-side
of SpTRSV 2, and finally, (iii) solving the second triangular
system, SpTRSV 2, one can obtain the overall solution.
This split-execution strategy allows SpTRSV 1, SpMV, and
SpTRSV 2 to be potentially solved by using different algorithms on different architectures. We utilize this splitting approach to distribute SpTRSV computation between parallel
and sequential algorithms with our split SpTRSV execution
model. Each of the SpTRSV 1, SpMV, SpTRSV 2 can execute
on a CPU or on a GPU.
3.1

Two-algorithm vs Single-algorithm Split

The main thrust of this work is to enhance SpTRSV performance through split SpTRSV execution with different
algorithms for SpTRSV 1 and SpTRSV 2 (one parallel, other
less parallel or sequential). However, as an auxiliary case
study, we also explore some cases where the split-execution
using the same algorithm for SpTRSV 1 and SpTRSV 2
can enhance the SpTRSV performance versus the unified
SpTRSV. Based on this observation, we further divide split
execution into
•
•

(i) Two-algorithm-split execution, in which different
algorithms are used for SpTRSV 1 and SpTRSV 2.
(ii) Single-algorithm-split execution, in which the
same algorithm is used for SpTRSV 1 and SpTRSV 2.

To explain the performance gain from single-algorithmsplit execution, we note that for some highly parallel SpTRSV implementations, a fixed number of threads or warps
(for GPUs) are allocated for each row or column. For instance, some Sync-Free SpTRSV implementations on the
NVIDIA GPUs [5], [6], [15], [16] assign a fixed number
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Fig. 4. SpTRSV split execution model block diagram. The model is
comprised of two phases, a one-time setup phase and an execution
phase that can execute multiple times, potentially with a different righthand side

of warps per row or column. This may lead to serialization of some computations if the parallel operations to be
performed per row or column are more than the assigned
number of warps. In such cases, splitting the triangular
system into smaller sub-triangular systems reduces row
and column lengths thus removing the serialization bottleneck [10]. In addition, splitting replaces some SpTRSV
computations with highly parallel SpMV computations thus
resulting in better overall performance. However, like SpTRSV, some operations in an SpMV implementation, e.g.
[19], may also be serialized if a row or column lengths of
the matrix are more than the number of warps assigned
per row or column. Therefore, one needs to consider both
the row and column lengths in a matrix to decide whether
the single-algorithm-split can improve the overall SpTRSV
performance.
3.2

Execution Framework Overview

The split SpTRSV execution model is designed to automatically split and distribute computations of a single SpTRSV
iteration based on the analysis of the input triangular matrix
DAG. Figure 4 shows the block diagram of the execution
framework. The framework works in two phases; a onetime setup phase and an execution phase that can be executed
multiple times, potentially with a different right-hand-side
each time. The setup phase is completed in four steps:
1)

2)

4

DAG discovery step calculates statistics such as the
number of levels, number of rows, and nonzeros in
each level.
Execution policy setup step, in which the DAG statistics from step (1) are used to analyze the DAG
and decide the SpTRSV execution policy which can
either be unified or split. The unified policy refers to
SpTRSV computation over the non-split DAG on a
single architecture using a single algorithm. The split
policy refers to the division of the DAG re-arranged
matrix into three parts as previously described. The
algorithm for each part is also determined based
on the DAG characteristics. For the unified execution
policy, the SpTRSV algorithm is determined by a few
simple heuristics.

4)

The data structure setup step sets up the data structures for the selected SpTRSV algorithm(s) and
SpMV in case of split-execution.
In the algorithm analysis step, the analysis phase of
the selected algorithm(s) is executed. Once it is completed, the framework is ready to execute SpTRSV
with the selected execution policy.

In the execution phase, the framework uses the execution
policy and data structures from the setup phase to transparently execute SpTRSV on a CPU-GPU system from an
extensible repository of existing SpTRSV algorithms. Any
required CPU-GPU communication is automatically managed.

4

M ETHODOLOGY

In this section, we present our methodology for achieving
an efficient split-execution model and explain details of the
steps shown in Figure 4.
4.1

Step 1: DAG Discovery

The DAG discovery process is similar to the symbolic analysis phase of level-scheduling algorithms in which the input
triangular matrix is analyzed for the order of unknowns
(rows) in the DAG and levels within the DAG are calculated. In addition, the framework calculates the number of
unknowns and non-zeros within each level and keeps them
in a data structure that stores statistics for each level. For this
purpose, a modified breadth-first search (BFS) algorithm
similar to one proposed in [4] is used. Other SpTRSV DAG
features (explained in Section 4.2.1) are also computed in
this step.
4.2

Step 2: Execution Policy Setup

Figure 5 shows the flowchart of the execution policy setup
procedure. In the Splitting Decision phase (labeled as (1)),
we decide whether the triangular system would benefit
from split execution or not. This phase checks whether the
DAG can be divided into regions of disparate parallelism
characteristics and executed with CPU-GPU split execution
policy. If not, the DAG is further analyzed to determine if
it is suitable for CPU-CPU, GPU-GPU split execution, or
unified SpTRSV on the CPU or on the GPU. To keep the
overhead low, each phase of the Splitting Decision heuristic
is modeled as a simple binary selection or binary classification problem, using cheap-to-calculate matrix features. In
the DAG slicing and algorithm mapping phases (labeled as
(2) and (3), respectively), we set one of the split or unified
execution policies based on the output of the splitting decision.
4.2.1

Matrix Features for Execution Policy

The following features and parameters are used for our
heuristics and binary classification:
•
•
•
•

Matrix size (rows): Number of rows in the matrix,
NNZs: Number of nonzeros in the triangular matrix,
NL: Number of levels in the SpTRSV DAG,
Average parallelism (AP): Ratio of rows and NL,

1045-9219 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: ULAKBIM UASL - KOC UNIVERSITY. Downloaded on April 22,2021 at 16:12:15 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TPDS.2021.3074501, IEEE
Transactions on Parallel and Distributed Systems

Start

CPU-GPU
split?
No

a
NL > t

39.6%
(260)

Success?

Yes

b
Set unified execution
policy (CPU)
1
Set two-algo-split execution
policy with HTS (CPU-CPU)
1
Set unified execution
policy (GPU)

0

No
GPU-GPU
split?

Success?

Yes

c
Set single-algo-split execution
policy with ELMC (GPU-GPU)

Fig. 5. Flowchart for setting up the execution policy. (1) The splitting
decision heuristic determines whether the triangular matrix is suitable for
split execution. (2) DAG slicing determines split-point and (3) algorithm
mapping chooses the SpTRSV algorithm for each part. LR: Logistic
regression model, NL: Number of levels, PFR: Parallel-friendly rows,
SFL: Serial-friendly levels

•

•
•

•

•

4.2.2

100

p

80
60
40

MKL
HTS
ELMC

20
0

0

50

100 150 200 250
Matrix number

(c)

End

0
HTS-ELMC binary
classifier (LR)

100

100

t

Parallel-friendly levels (PFL): Number of levels with
at least m rows, as a percentage of the total number of
levels. The remaining levels are categorized as serialfriendly levels (SFL),
Parallel-friendly rows (PFR): Sum of rows in all PFLs
as a percentage of the total number of rows,
Maximum column length (MCL): Maximum column
length per level, where column length refers to the
number of nonzeros in a column,
Maximum row length (MRL): Maximum row length
per level, where row length refers to the number of
nonzeros in a row,
Average row length (ARL): Ratio of nnzs and rows
Splitting Decision

In this section, we present our splitting decision algorithm
and the underlying statistical analysis. The basic criteria
for the design of the algorithm are to make each decision
step a binary decision (Yes or No) or binary classification
problem using as few features as possible to keep the overheads low. The statistical analysis is performed on SpTRSV
performance data of three SpTRSV implementations using
a training data set of 657 matrices from the SuiteSparse
Matrix Collection [18]. These three implementations are
MKL [13], HTS [8], and ELMC [6]. MKL is Intel’s Math
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Fig. 6. Statistical analysis of training data set. (a) SpTRSV winning
algorithm (algorithm with least execution time) breakdown for the 657
matrices (b) Cumulative percentage of SpTRSV winners plotted versus
SpTRSV DAG levels in the input matrix (c) For each winning algorithm,
percentage of serial friendly levels (SFL) in SpTRSV DAG (sorted in
ascending order) (d) For each winning algorithm, percentage of parallel
friendly rows(PFR) in SpTRSV DAG (sorted in ascending order). Blue
dashed lines indicate the chosen thresholds for the Splitting Decision
algorithm. The value of m for (c) and (d) is 200.

Kernel Library, HTS is a library that performs SpTRSV in
a split fashion on the CPU, and ELMC is the state-of-the-art
SpTRSV algorithm designed for GPUs. In the analysis, it is
assumed that the two-algorithm split uses MKL (sequential)
for the sequential-friendly part and ELMC for the parallelfriendly part of the DAG.
(1-a) CPU-GPU split: The Splitting Decision algorithm
first examines the suitability of the DAG for CPU-GPU split
execution, labeled as (1-a) in Figure 5. Our decision process
is based on several observations, also presented in Figure 6.
The first observation is that below a certain number of levels
N L ≤ t, MKL never gives better performance than the other
two algorithms, and splitting such DAGs is not expected to
provide any benefits. Therefore, we only consider SpTRSV
DAGs with number of levels greater than t for CPU-GPU
split execution. t is selected to be 40 and indicated by the
first vertical dotted line in Figure 6 (b).
The second observation is that all the matrices for which
MKL wins have a high percentage of SFLs (85% and above
as shown in Figure 6 (c)) while most of the ones for which
ELMC wins have a high percentage of PFRs (80% and
above as shown in Figure 6 (d)). Therefore, SFLs (above a
certain threshold (u)) and PFRs (above another threshold
(v)) can help identify parallelism disparity in SpTRSV DAG.
Additionally, the algorithm checks for the matrix size to
exclude matrices whose size is too small to be considered
for CPU-GPU split execution. The thresholds u and v are
tunable parameters that have been empirically selected as
10% and 60%, respectively, in this study. The minimum
matrix size threshold (s) is set to 10K.
(1-b) CPU-CPU split:
For the matrices crossing the minimum NL threshold
(t) but found unsuitable for CPU-GPU split execution due
to insignificant or mixed parallelism disparity, we evaluate
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4.2.3 DAG Slicing and Algorithm Mapping
Setting the split execution policy requires determining the
level at which the SpTRSV DAG is to be split into two parts,
a process we refer to as DAG slicing. Both split and unified
execution policies require appropriate algorithms to be assigned for the SpTRSV(s), referred to as algorithm mapping.
The framework uses separate heuristics-based algorithms to
set two-algorithm-split or single-algorithm-split execution
policies. These algorithms are discussed next.
4.2.3.1 DAG Slicing for CPU-GPU Execution: Figure
8 shows the DAG slicing algorithm used by the CPU-GPU
split policy. The algorithm starts by identifying whether
most of matrix rows are covered by the first or the second
half of the DAG levels (Figure 8(1-a)). Accordingly, the
search for the parallel-friendly part begins in the first or
second half of the DAG levels, respectively. When searching
in the first half (Figure 8(1-b)), the algorithm marks level
0 as the start of the parallel-friendly part (split1Start) and
keeps searching for the end level until either all PFLs are
covered or the number of SFLs reaches its threshold (a% of
the total levels). In the former cases, the last PFL is marked
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their suitability for CPU-CPU execution. According to Figure 6 (c), whenever SFLs are above a certain threshold (p),
either MKL (sequential) or HTS wins, except for some very
few and small outliers (< 3K rows) for which ELMC wins.
Similarly, for the matrices for which NL is above threshold
q (the second vertical dotted line to the right in Figure
6(b)), the winning algorithm is either HTS or MKL. For both
these cases, we devise an HTS-MKL binary classifier based
on a Logistic Regression model. For this purpose, we use
HTS and MKL SpTRSV performance data for our training
dataset of 657 matrices and select the features of average
parallelism (AP), mean row length (ARL), and maximum
column length (MCL) in the matrix to attain 10-fold crossvalidation scores as shown in Figure 7 (a). The model is
tested with our matrix test set of 327 matrices for which it
achieves an accuracy of 83% with area under the ROC curve
as shown in Figure 7 (b). Based on this analysis, we either
employ unified execution with MKL or split execution with
HTS on the CPU.
From Figure 6 (b), we observe that for matrices with NL
≤ t, either HTS or ELMC SpTRSV algorithms win (have the
least execution time). For such matrices, we select between
HTS and ELMC algorithms using a simple binary classifier
based on the Logistic Regression model (LR). As features
of the model, we use the number of levels (NL), average
parallelism (AP), mean row length (ARL), and maximum
column length (MCL) in the matrix to attain 10-fold crossvalidation scores as shown in Figure 7(c). The model attains
an accuracy of 90% with the area under the ROC curve
as shown in Figure 7(d). Based on the analysis, we either
employ unified execution with ELMC on GPU or split
execution with HTS on the CPU.
(1-c) GPU-GPU split: For the matrices with NL ≤ t or
the decision step in Figure 5 (1-b) results in a ”No”, we first
check whether maximum column length MCL is becoming
a serialization bottleneck for these matrices for the GPU
execution. If the splitting algorithm succeeds, the GPU-GPU
split execution policy is used for such matrices. Otherwise,
these matrices are tested by the HTS-ELMC binary classifier.
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Fig. 7. (a), (b) HTS-MKL Logistic Regression-based binary classifier
performance. Mean 10-fold cross-validation scores for accuracy, precision, and recall are 81%, 85%, and 81%, respectively. The area under
the ROC curve is 0.87. (c), (d) HTS-ELMC Logistic Regression-based
binary classifier performance. Mean 10-fold cross-validation scores for
accuracy, precision, and recall are 90%, 92%, and 90%, respectively.
The area under the ROC curve is 0.96
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currLevel=0
While currLevel < levels:
if all PFLs covered:
success=true
break
if SFLs in spllit1
≥ a% of levels:
if PFRs in split1
≥ b% of rows:
success=true
break
else:
success=true
break
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Fig. 8. (1) DAG slicing and (2) algorithm mapping for two-algorithm-split
execution (CPU-GPU). split1Start, split2Start are start, and split1End,
split2End are end levels for first and second splits, respectively.
lastPFLinSplit1 refers to the ID of the last parallel-friendly level in split 1.

as the end of the parallel-friendly part (split1End) and all the
subsequent levels are declared as the serial-friendly part. In
the latter cases, an additional check is made to ensure that
there are still enough PFRs covered by the parallel-friendly
part before labeling the last PFL in the search. In case this
check fails, DAG slicing is flagged as unsuccessful. For the
sake of simplicity, Figure 8 shows the search algorithm for
the parallel-friendly part in the left part of the DAG only.
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Fig. 9. (1) DAG slicing and (2) algorithm mapping for single-algorithmsplit. split1Start, split2Start are start, and split1End, split2End are end
levels for the first and second split, respectively. splitLevel refers to the
level number for DAG slicing.ws refers to warp size

The values of the tunable parameters a and b are selected as
10% and 85%, respectively for this study.
Once the DAG slicing succeeds, assigning an algorithm
to each part of the split (algorithm mapping) is a straightforward task. Depending on whether the search for the
parallel-friendly level took place in the first or second half
of the DAG levels, the parallel algorithm is assigned to the
first or second part of the split, respectively, while the less
parallel algorithm is assigned to the remaining part. Even
though other options are possible, the parallel-friendly part
is solved using the ELMC algorithm on the GPU while the
serial-friendly part is solved using MKL-serial on the CPU.
4.2.3.2 DAG Slicing for CPU-CPU Execution: For the
cases where the splitting decision algorithm selects the
HTS algorithm, an existing Hybrid Triangular Solve (HTS)
library is used for two-algorithm-split SpTRSV execution on
the CPU. This library handles DAG slicing on behalf of our
framework as follows. First, the matrix rows are re-arranged
based on the level ordering. Assuming Ni is the number of
rows in level i, level i is considered good if Ni ≥ ngood ,
otherwise it is considered as bad. The fraction of rows in bad
levels is represented by fbad . Now, if Ci is the cumulative
sum of rows up to level Ni and Cibad is the sum of rows
in all bad levels up to level i, the DAG slicing algorithm
selects the largest good level i as the split level such that
Cibad ≤ fbad Ci [8]. Once the DAG is sliced, HTS uses levelscheduling and recursive blocking algorithms for executing
SpTRSV 1 and SpTRSV 2, respectively.
4.2.3.3 DAG Slicing for GPU-GPU Execution: The
idea behind single-algorithm-split execution is to reduce

serialization bottlenecks for some parallel algorithms due to
large system matrix column or row lengths. The serialized
execution occurs when the matrix row or column length
is more than the number of threads assigned to that row
or column [5], [6], [15], [16]. In such cases, dividing the
matrix into three parts can reduce this bottleneck by having
smaller triangular systems (I and III in Figure 3(b)) and
replacing some operations with SpMV. For the evaluation
in this study, we assume parallel SpTRSV algorithms assign
a fixed number of threads per column [5], [6], [15], [16], and
SpMV with a fixed number of threads per row [19], which
is typically the case.
We devise a heuristic-based DAG slicing algorithm for
the single-algorithm-split policy that works for GPU-GPU
execution as shown in Figure 9. The slicing algorithm aims
to select a split point that results in maximum savings
in serial iterations required by a warp to process large
columns. This is achieved by making the SpMV part contain
as many nonzeros of the large columns as possible. The
decision is subject to the following criteria: i) The savings in
serial iterations should be ≥ c, ii) Any row with the number
of nonzeros requiring warp serial iterations ≥ d should
be part of SpTRSV 1 to avoid computational bottleneck
for SpMV, iii) If there is more than one column satisfying
the criterion listed in (i), the split point should be selected
targeting the maximum savings in serial iterations. In Figure
9 (a), the algorithm first determines if any column(s) satisfies
criterion (i) and in the case of more than one such column, it
initially selects a split point resulting in maximum savings
in serial iterations. Next, in Figure 9 (b), the split point
is adjusted to satisfy criterion (ii). Finally, in Figure 9 (c),
further adjustments (if required) are made to the split point
so that the criteria (i) and (iii) still hold. When DAG slicing
is successful, the same SpTRSV algorithm is used for solving
the two sub-triangular systems. The threshold values for the
tunable parameters c and d have been empirically chosen as
100 and 75, respectively.
4.3 Step 3: Data Structure Setup
Once the execution policy is chosen, necessary data structures are set up for the SpTRSV execution. For this purpose, the model creates three sub-matrices corresponding
to SpTRSV 1, SpMV, and SpTRSV 2 based on the DAG of
the re-arranged matrix (Figure 3(b)) in either CSR or CSC
matrix storage format as required by the corresponding
algorithm. For instance, if SpTRSV 1 is to be executed using
the MKL library, the sub-matrix for SpTRSV 1 is created in
CSR format. Similarly, if SpTRSV 2 is to be executed on GPU
with a Sync-free algorithm using CSC matrix format, a submatrix in CSC format is created. Likewise, for SpMV, a CSR
matrix is created on the CPU or GPU depending on whether
SpMV is to be performed on the CPU or the GPU. In
addition to these sub-matrices, the framework initializes all
the data structures required by the selected algorithms for
their analysis and execution phases and for inter-platform
communication.
4.4 Step 4: Algorithm Analysis
As described in Section 2, SpTRSV algorithms are comprised
of two phases, namely analysis (symbolic analysis or numerical) and solve phases. In this work, the analysis phase refers
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to symbolic analysis. The investigation of the analysis phase
separately as symbolic and numerical is left as future work.
Once the data structures are set up, the analysis phases for
each of the selected SpTRSV algorithms (SpTRSV 1 and SpTRSV 2) are performed for the corresponding sub-matrices
(Step 4 in Figure 4). In the case of a unified execution, the
analysis phase for the sub-matrix corresponding to SpTRSV
1 is performed.

SpTRSV algorithms by Li et al. [6]. For the framework evaluation in this study, we chose ELMC over the other supported
GPU algorithms for its superior performance as reported
in [6]. The framework is extensible with more SpMV and
SpTRSV implementations and enriching the collection is left
as future work.

4.5

There are several overheads associated with the execution
model for both the setup and execution phases. The overhead for the setup phase, referred to as setup overhead in the
subsequent discussion, is as follows:

Step 5: SpTRSV Execution

Once the setup phase is completed, the framework is ready
to execute SpTRSV using the selected execution policy. The
split SpTRSV execution is completed in the following steps:
•
•

•

SpTRSV 1 is performed using the selected platform
and algorithm.
If SpTRSV 1 and SpMV are scheduled to be executed on different platforms, SpTRSV 1 solution is
communicated to the SpMV platform using CUDA
memory copy API call. Similarly, if SpTRSV 2 and
SpMV are on different platforms, the right-hand-side
corresponding to SpTRSV 2 is communicated to the
SpMV platform.
SpMV between the rectangular sparse matrix and SpTRSV 1 solution is performed using MKL (SpMV on
CPU) or cuSPARSE SpMV (SpMV on GPU) routines
that computes SpMV of the form:

4.7

Framework Overheads

Setup overhead = TDD + TEP S + TDSS + TAA

where TDD , TEP S , TDSS , and TAA are the time spent in
DAG discovery, execution policy setup, data structure setup,
and algorithm analysis, respectively. Setup overhead is a
one-time overhead incurred before the SpTRSV execution
phase begins.
We define execution overhead as the time spent in interplatform data communication when any of the SpTRSV 1,
SpTRSV 2, and SpMV are performed on different platforms
during the execution phase and is given by the following
equation:
Execution overhead = CSpT RSV 1 + CSpM V + CSpT RSV 2

b2(new) := α · M · x1 + β · b2(old)

•

•
•

4.6

(1)

Equation 1 computes SpMV of M and x1 and
projects its solution to the right-hand-side of SpTRSV
2 resulting in its new right-hand-side b2(new) . M is
the rectangular sparse matrix corresponding to II in
Figure 3(b), x1 is the solution of SpTRSV 1, α and β
are -1 and 1 respectively, b2(old) is the existing righthand-side corresponding to SpTRSV 2 and b2(new) is
the updated right-hand-side.
If SpMV and SpTRSV 2 are on different platforms,
the updated right-hand-side b2(new) is communicated to the appropriate platform using CUDA memory copy API call.
SpTRSV 2 is performed using the selected platform
and algorithm.
Finally, overall SpTRSV results are consolidated on
the platform of choice (CPU or GPU) which can be
selected by the programmer as part of the execution
policy.
Supported SpTRSV and SpMV Algorithms

The framework supports several SpTRSV and SpMV algorithms for both the CPU and GPU architecture. For the
CPU, we support SpTRSV and SpMV implementations using the Intel MKL library [13] in the CSR matrix storage
format. In addition, for two-algorithm-split execution on
CPU, an SpTRSV implementation using the HTS library [8]
is supported. HTS uses a level-scheduling algorithm [9] for
SpTRSV 1 and a recursive-blocking algorithm for SpTRSV
2. For GPUs, the framework supports SpTRSV and SpMV
algorithms using cuSPARSE(v2) library [20], the Sync-Free
SpTRSV algorithm by Liu et al. [5], and ELMC, ELMR

(2)

(3)

CSpT RSV 1 , CSpM V , and CSpT RSV 2 are data communication overheads for SpTRSV 1, SpMV and SpTRSV 2,
respectively. CSpT RSV 1 includes the time to communicate
right-hand-side corresponding to SpTRSV 1 to the selected
platform. CSpM V accounts for the time to communicate the
solution of the SpTRSV 1 and the initial right-hand-side
corresponding to SpTRSV 2 to the SpMV platform. Finally,
CSpT RSV 2 corresponds to the time required to communicate
the updated right-hand-side by SpMV to the SpTRSV 2
platform. The execution overhead can be represented in
terms of CPU-GPU communication bandwidth as follows:
Execution overhead ≤ ((2 · r1 + 2 · r2 ) · F S)/BWinterconnect
(4)
where r1 is the number of rows in the upper subtriangular matrix (I in Figure 3), r2 is the number of
rows in the lower sub-triangular matrix (III in Figure 3),
BWinterconnect is the CPU-GPU bandwidth in bytes/second
and F S is 4 or 8 bytes for single-precision or doubleprecision floating-point computations, respectively. Unlike
the setup overhead which is incurred only once, execution
overhead is incurred per SpTRSV iteration.

5

E VALUATION

In this section, we present the performance of our framework on two CPU-GPU platforms (see Table 1 and 2) using
matrices from the SuiteSparse Matrix Collection. Here are
the highlights of the findings.
•

Section 5.2 presents the speedups achieved by our
framework versus the best of the MKL and ELMC
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•

•

•

•

5.1

algorithms for a selected set of matrices. The framework has been shown to achieve ≥1 speedup for 91%
and 86% of the matrices for machine 1 and machine
2, respectively.
Section 5.3 shows the benefit of the GPU-GPU split
execution using the same algorithm against unified execution. GPU-GPU split execution particularly
provides the highest speedups for matrices having
long rows and columns (e.g., matrices following
power-law distribution).
Section 5.4 evaluates overheads associated with the
setup phase of the framework, which have been
found to be well within acceptable limits so as to
achieve overall performance gain.
Section 5.5 explores the impact of CPU-GPU data
transfers for the cases where split execution requires
CPU-GPU communication. The data transfer overhead has been found to be negligible in comparison
with the speedups achieved by the framework.
Finally, Section 5.6 compares the framework performance against MKL, ELMC, and cuSPARSE(v2) for
our test set of 327 matrices. The framework achieves
≥ 1 speedup for > 85% of the matrices versus each
of these algorithms on both machines. Moreover,
the framework selects the fastest algorithm (split or
unsplit) for over 80% of the matrices.
Experimental Platforms, Dataset and Algorithms

Experimental Platforms: We evaluated the performance
of the execution model on two CPU-GPU platforms. The
first machine is an Intel Xeon Gold CPU with an NVIDIA
Tesla V100 GPU (machine 1). The second machine is an
Intel Core i7 CPU with NVIDIA GTX1080 Ti GPU (machine 2). The specifications of these machines are listed in
Tables 1 and 2. The host code is compiled using Intel’s
icpc compiler provided as part of Intel Parallel Studio 2019
with -O3 optimization and is dynamically linked with
the sequential version of the Intel MKL library using the
-mkl=sequential option. For compiling the device code,
we use the nvcc compiler from CUDA version 10.1 with
options -gencode arch=compute_70,code=sm_70 for
V100 and -gencode arch=compute_61,code=sm_61
for GTX 1080 Ti GPUs, respectively.
Matrix Dataset: As the test set, we use 327 matrices from
the SuiteSparse Matrix Collection. For model training and
heuristics development (Section 4.2) a set of 657 matrices
is selected such that there is no overlap between the test
and training sets. For a detailed analysis, a subset of 67
matrices is selected from the test set. The subset contains
matrices from diverse application domains with distinct
characteristics. The matrices in the test dataset have rows
ranging between 1K and 8.3M with a median of 36K, and
nnzs ranging between 1.47K and 141.7M with a median of
313K.
Algorithms: For the CPU-GPU split execution case, we
use the sequential version of the Intel MKL library for
the sequential-friendly part and the state-of-the-art SyncFree algorithm with level-scheduling, known as element
scheduling in the CSC format (ELMC) [6] for the parallelfriendly part of the DAG. If the split execution requires a

9

TABLE 1
Specifications of the CPU machines used for the evaluation

CPU Name
Model
Processor Base
Frequency
Number of cores
Number of sockets
Cores per socket
L1 Data cache
L1 Instruction cache
L2 cache
L3 cache
Main memory
Operating system

Machine 1
Intel Xeon Gold
6148

Machine 2
Intel Core I7
8700K

2.4 GHz

3.7 GHz

40
2
20
32K
32K
1024K
28160K
512GB
CentOS Linux
release 7.4.1708

12
1
12
32K
32K
256K
12288K
64GB
Ubuntu 18.04.1
(kernel ver 4.15.0-132)

TABLE 2
Specifications of the GPUs used for the evaluation

GPU Name
Number of cores
Main memory
Memory
bandwidth
Interconnect
bandwidth

Machine 1
NVIDIA Tesla V100
5120
32GB

Machine 2
NVIDIA GTX1080 Ti
3584
11GB

900 GB/sec

484 GB/sec

32 GB/sec

32 GB/sec

GPU, then SpMV is always performed on the GPU using
cuSPARSE(v2) library [20]. For two-algorithm-split execution on the CPU, we use the HTS library. In the case of
unified execution, GPU still employs the ELMC algorithm.
5.2

Speedup against Best CPU/GPU Algorithm

Table 3 shows the breakdown of the matrices achieving
speedups <1 or ≥1 with our framework versus the best
of the unified (unsplit) execution of SpTRSV using either
ELMC or MKL(seq) algorithms.
Out of the 67 matrices used for the detailed analysis,
43 are selected for split execution with 23 employing CPUGPU, 10 using CPU-CPU split execution with HTS and 10
utilizing GPU-GPU split execution policy. For the remaining
matrices, unified execution policy on the CPU and GPU is
selected for 16 and 8 matrices, respectively.

TABLE 3
Distribution of matrices according to achieved framework speedup over
the best of ELMC or MKL unsplit execution for the 67-matrix subset S:
Speedup. Machine 1: Intel Xeon Gold + NVIDIA Tesla V100. Machine
2: Intel Core I7 + NVIDIA GTX 1080 Ti

S

Machine
1
Machine
2

<1
=1
>1
Total
<1
=1
>1
Total

CPUGPU
4
0
19
23
5
0
18
23

Split
Policy
CPUCPU
0
0
10
10
4
0
6
10

Unified
Policy
GPUGPU
1
0
9
10
0
0
10
10

CPU

GPU

1
15
0
16
0
16
0
16

0
8
0
8
0
8
0
8

Total
6
23
38
67
9
24
34
67
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25
20

6
4
2
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5.3

Performance of Single-Algorithm-Split (SAS)

In this section, we present the performance of singlealgorithm-split (SAS) execution of ELMC and compare it
against MKL(seq) and unified ELMC for the ten matrices
selected for the SAS execution (Table 3) by our execution
model. Figure 11 shows the results for the two machines.
Except for the one matrix on machine 1 for which performance is nearly the same as the unified ELMC execution,
SAS execution performs better than both the unified ELMC
and MKL executions for all matrices on both machines.
Not surprisingly, most of the matrices achieving higher
performance with SAS belong to the circuit simulation or
power network problems as such matrices obey the powerlaw distribution. For such matrices, long rows and columns

Intel Xeon I7 + NVIDIA GTX 1080 Ti
Unified ELMC
Single-Algorithm-Split with ELMC
Unified MKL(seq)

6
4

5

2

0

0
TSOPF_RS_b300_c2
rajat18
rajat21
case39
ASIC_100k
c-73
brainpc2
transient
TSOPF_FS_b39_c30
dc3

TS
Zd_Jac2_db
hvdc2
shipsec5
TSOPF_RS_b300_c2
HV15R
crystm01
fp
std1_Jac2
t3dl_e
Ill_Stokes
lhr71c
parabolic_fem
largebasis
viscoplastic2
sinc18
BenElechi1
PR02R
Ga41As41H72
mixtank_new
shipsec1
filter3D
bcsstk39
ABACUS_shell_ud
nasasrb
nd12k
smt
k3plates
Pres_Poisson
Dubcova1
offshore
af_shell3
webbase-1M
F2
e40r0100
bmw7st_1
xenon1
torso2
F1
hood
g7jac140
mark3jac080
G3_circuit
para-4
sme3Dc
c-big
finan512
ecology1
thermomech_TK
laminar_duct3D
para-7
lung2
rajat18
g7jac180
ldoor
blockqp1
msdoor
thermomech_dK
ASIC_100k
case39
rajat21
FullChip
transient
c-73
brainpc2
dc3
TSOPF_FS_b39_c30

For machine 1, the framework achieves >1 speedups for
a total of 38 (out of 67 matrices) while the best CPU or GPU
algorithm for unified execution is correctly selected for 23
matrices. In total, the framework achieves a speedup of ≥ 1
for 61 ( 91%) matrices used in this analysis. Although the
execution policy remains unchanged and the same HTSMKL and HTS-ELMC models trained for machine 1 are
used, on machine 2 the framework achieves equal or better
performance for 58 ( 87%) of the 67 matrices. For 34 of these
matrices, the framework achieves a speedup of > 1 while
the best unified execution policy (speedup=1) is selected for
the rest (24 matrices).
Figure 10 shows the speedups achieved by the framework over the unified SpTRSV execution using the best
of ELMC and MKL(seq) algorithms on machine 1. The
speedups range up to 10×. The top five matrices showing the highest speedups on machine 1 use GPU-GPU
split execution policy, showing the immense potential of
the GPU-GPU execution policy in overcoming performance
bottlenecks for some matrices. The speedups achieved by
GPU-GPU split policy range up to 10.0×. The CPU-GPU
split policy provides speedups up to 7.82× for 19 (out of 23
matrices). The speedup ranges up to 3.70× for CPU-CPU
split execution for 10 matrices. Comparable results hold on
machine 2, with speedups ranging up to 6.36×.

10
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0

Fig. 10. Performance of proposed framework on Intel Xeon Gold +
NVIDIA Tesla V100 machine for the 67-matrix subset. For each matrix,
the speedup is calculated over the best of the MKL(seq) or ELMC
algorithms (unit speedup line) for solving the lower triangular system.
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Fig. 11. Performance comparison of single-algorithm-split execution using ELMC against MKL and unified ELMC for the ten matrices (out of
the 67-matrix subset)

are expected to become a performance bottleneck for SpTRSV [10]. Out of these matrices, TSOPF RS b300 c2 and
dc3 have relatively the smallest and largest column lengths,
respectively. These two matrices achieve the minimum and
maximum speedups with SAS execution over the unified
ELMC on both machines.
In addition to the maximum column length, the overall
speedups also depend on characteristics of the corresponding matrices such as the distribution of nonzeros, matrix
size, and the characteristics of the underlying machine. For
instance, among the two matrices ( TSOPF RS b300 c2 and
brainpc2) having the same savings in warp serial iterations,
brainpc2 achieves higher speedup, possibly due to having a
higher percentage of nonzeros in the SpMV part. In conclusion, although column length alone does not determine the
exact speedup, single-algorithm-split execution can provide
significant speedups for matrices with large column lengths
for ELMC or similar sync-free implementations.
5.4

Framework Setup Overhead

In this section, we present the framework setup overhead
corresponding to Equation 2 in terms of SpTRSV iterations
required to amortize the overhead for that matrix. The
setup overhead includes the time spent in DAG discovery,
DAG slicing, algorithm mapping, data structure setup, and
algorithm analysis phase of SpTRSV algorithm(s) used. We
calculate the equivalent number of SpTRSV iterations for
the framework setup overhead using the equation:
SpTRSV iterations =

Setup overhead (msec)
SpTRSV execution time (msec)

(5)

where Setup overhead is calculated as per Equation 2 and
SpTRSV execution time is the time required to complete one
SpTRSV iteration for the matrix using the selected execution
policy. The SpTRSV execution time is the average of 10
iterations.
Figure 12 plots setup overhead in terms of SpTRSV
iterations for both machines for the dataset of 67 matrices.
For machine 1, the setup overhead ranges between 10 to
458 SpTRSV iterations with a median of 68 iterations. For
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Fig. 12. Number of SpTRSV iterations required to amortize framework
setup overhead

machine 2, the range is between 8 to 151 SpTRSV iterations
with a median of 37 iterations. In terms of absolute values,
the setup overhead takes an average of 167 msec and 112
msec for the dataset on machines 1 and 2, respectively. The
maximum setup overhead observed is 3.76 and 2.40 seconds
for the matrix HV15R on machines 1 and 2, respectively.
For applications such as iterative solvers, SpTRSV is typically executed for 100s of iterations per symbolic analysis
phase. Given the reasonable number of SpTRSV iterations
to amortize the overhead, the framework can potentially
provide significant performance gains for such applications.
Moreover, for a given matrix and machine, this is a one-time
overhead incurred at the beginning of the execution phase.

Fig. 13. Inter-platform data transfer overhead for CPU-GPU split cases.
The overhead is shown as a percentage of the total split execution time
for a single iteration.
Execution
Policy

CPU-GPU
GPU-GPU
CPU-CPU
CPU
GPU

Inter-platform Data Transfer Overhead

The MKL(seq) and ELMC SpTRSV algorithms we have chosen for two-algorithm-split execution operate on two different platforms, i.e., CPU and GPU, respectively. As discussed
in Section 4.7, intermediate results need to be communicated
between the host and device for such cases. Figure 13 shows
the execution overhead for the 23 matrices (Table 3) that use
a two-algorithm-split execution policy using MKL-ELMC.
This overhead is presented as the percentage of the time
required for one SpTRSV iteration for each matrix. Both
the machines use PCIe 3.0 interconnect with a theoretical
peak bandwidth of 32 GB/s. To reduce this overhead, we
allocate corresponding host arrays in pinned memory [21].
For all matrices, the maximum data transfer overhead is less
than 10% of the split execution time on both machines. This
shows that migrating the execution from one platform to
another does not have a significant impact on the overall
performance. However, having more than one split point
might have an increasing impact on the execution time as
each split may require a data transfer.
5.6

Speedup against MKL, ELMC, and cuSPARSE

Figures 14 shows speedup distribution over MKL, ELMC,
and cuSPARSE (v2) on machine 1 for the test set of 327
matrices. Figures 14(a) shows the distribution of the chosen
execution policy for the test set. Overall, the split execution
policy is selected for 38% of the matrices. In the remaining
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Fig. 14. Framework performance for the test set of 327 matrices on Intel
Xeon Gold + NVIDIA Tesla V100 machine. (a) Distribution of execution
policy for the test set. Each slice of the pie shows percentage of matrices
chosen for the corresponding execution policy. Speedup achieved by
the framework over (b) SpTRSV using Intel MKL (sequential) library,
(c) SpTSRV using ELMC algorithm, and (d) SpTRSV using cuSPARSE
(v2) library. For (b),(c),(d) x-axis is the number of matrix rows, each dot
represents a matrix, y-axis represents speedup. At each point N , brown
line shows median speedup for matrices with at least N rows.

figures, each plot point corresponds to a matrix showing
speedup achieved against the matrix size. The brown line
at a point N shows median speedup for matrices with rows
≥ N. There is an upward trend in the framework’s median
speedup against MKL with increasing matrix size. On the
other hand, the median speedup is around 2× over ELMC
and cuSPARSE (v2) at first, stays above 1× for most of the
matrices, finally converging to 1× as the matrices get larger
and larger. Comparable results are observed on machine 2,
thus omitted for brevity.
Table 4 shows framework speedup breakdown versus
MKL, ELMC, and cuSPARSE (v2). For machine 1, relative
speedups achieved by the framework over MKL, ELMC,
and cuSPARSE(v2) are ≥ 1 for over 94%, 93% and 86% of
the matrices, respectively. For machine 2, these numbers are
91%, 90%, and 89%, respectively. As regards the selection of
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TABLE 4
Distribution of 327 matrices based on achieved speedup over MKL,
ELMC and cuSPARSE(v2). S: Speedup. Machine 1: Intel Xeon Gold +
NVIDIA Tesla V100. Machine 2: Intel Core I7 + NVIDIA GTX 1080 Ti

Machine
1
Machine
2

S
<1
=1
>1
<1
=1
>1

MKL
18
127
182
27
127
173

ELMC
22
77
228
32
77
218

cuSPARSE (v2)
44
0
283
34
0
293

the SpTRSV execution policy, the algorithm correctly selects
the fastest algorithm (split or unsplit) for 88% and 83% of
the matrices for machine 1 and machine 2, respectively.
Overall, our split execution framework has shown significant SpTRSV performance gains by using split execution
policy, as well as by correctly selecting the best CPU or
GPU algorithm for unified execution when split execution
is found unsuitable for a given matrix.

6

R ELATED W ORK

Solving scientific computing problems using multiple execution platforms and algorithms has been extensively studied in the literature. In [22], authors devise a CPU-GPU
hybrid approach to perform LU factorization equivalent to
dgetrf function in LAPACK library. Their solution works by
representing the computations as a DAG and scheduling
fine-grained tasks on the CPU and coarse-grained tasks on
the GPU. In [23], empirical auto-tuning techniques are used
to distribute and load balance the computations for dense
matrix-matrix multiplication and LU factorization between
CPUs and GPUs with satisfactory results. In [24], the authors devise a static scheduling mechanism to divide matrix
computations between a CPU and a GPU for landform attributes representation, a mathematical modeling approach
to efficiently represent geophysical resources. Agullo et al.
[25] accelerate QR factorization on a CPU-GPU machine by
expressing QR factorization as a set of tasks. Benner et al.
[26] use a sequential version of code with a multithreaded
version of BLAS to accelerate the computation of matrix
sign function on a CPU-GPU system. Muramatsu et al. [27]
use a hybrid CPU-GPU approach to accelerate Hessenberg
reduction by running small-size BLAS operations entirely
on CPU and distribute large-size BLAS operations between
CPU and GPU to achieve speedup over CPU-only execution.
A considerable body of work exists that involves
scheduling the subtasks between CPU and GPU based on
the nature of the subtasks [28], [29], [30], [31], [32], [33], [34],
[35], [36] such as parallelism characteristics. Like our twoalgorithm-split execution policy for CPU-GPU, subtasks
divided based on parallelism characteristics are mapped
such that highly parallel subtasks run on the GPU while
the sequential subtasks are mapped to the CPU.
Several works dealing with CPU-GPU hybrid computations of sparse matrix-vector multiplication (SpMV) are
available in literature. In [37], the authors use design patterns to distribute SpMV computations between CPUs and
GPUs. In [38], matrix rows are rearranged based on the
probability mass function of the nonzeros in a row before
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distributing the rows between CPU and GPU to achieve
higher SpMV performance than partitioning based on the
original row order. In [39], SpMV is performed by dividing the input matrix into multiple blocks row-wise and
assigning the best suited sparse storage format using a
machine learning-based prediction model. Then, a mapping
algorithm is used to assign different blocks to CPUs or
GPUs. In [40], authors analyze CPU and GPU characteristics
to devise a distribution function to partition the sparse
matrix between CPU and GPU for SpMV calculation with
noticeable performance improvement. A work by Matam et
al. [41] utilizes a heuristic-based approach for work division
of sparse matrix-matrix computations between CPU and
GPU. They achieve 6× speedup over an optimized Intel
MKL library implementation of SPGEMM. In [42], the authors propose SELL-C-α, a unified matrix storage format,
for the performance portability of SpMV on heterogeneous
computing systems. A matrix splitting method based on the
theoretical analysis of its nonzero distribution for SpMV is
presented by Anzt et al. [43]. Based on the analysis, the matrix is partitioned into two parts and stored in two different
formats (ELLpack and coordinate formats) for better load
balancing and computational efficiency.
For the solution of a triangular system on CPU-GPU
systems, a recursive algorithm for dense matrices is proposed in [44]. The algorithm works by recursively splitting
the triangular solve into parts and assigning these parts to
the CPUs and the GPUs with the aim of load balancing by
taking the computational requirement of each part and processor speeds into account. The load balancing is performed
based on the observation that for dense triangular solves,
the performance of CPU and GPU is proportional to the size
of the input matrix. A polynomial regression model is used
for matrix size versus processor performance estimation.
This partitioning principle, however, is not directly applicable to sparse matrices as the CPU or GPU performance is
dictated by the input sparsity pattern, not the matrix size,
thus it poses additional challenges compared to the dense
cases. Charara et al. [45] use a split execution strategy for
dense triangular systems on manycore CPUs and GPUs.
Their method works by first splitting the matrix into two
smaller triangular matrices and a rectangular matrix, and
then recursively splitting the smaller triangular matrices in
the same fashion. At the end of the recursion, the native triangular solvers are called. They report significant speedups
for their implementation relative to the existing BLAS libraries (e.g., cuBLAS, MAGMA). Unlike our work where
we determine split points based on matrix characteristics,
they split the matrix of size M at a row that is equal to the
next power of 2 ≥ M/2 and < M .
To the best of our knowledge, the closest work to ours is
presented in [8]. The author proposes SpTRSV split execution on CPU in which SpTRSV 1 and SpTRSV 2 are always
solved using a level-scheduling [9] and a recursive blocking
algorithm, respectively. Their approach works based on the
observation that level-scheduling induced re-ordering of the
matrix densifies the rows towards the lower end of the
triangular matrix and pushes the dense columns towards
the right. As a result, using a level-scheduling algorithm
on the upper sub-triangular part and a recursive blocking
algorithm on the lower triangular part results in improved
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performance. In contrast, our approach analyzes matrix
sparsity pattern and variation in parallelism to divide the
workload between serial and parallel-execution friendly algorithms. Also, our design approach allows new algorithms
to be easily incorporated into the model, targets both the
CPU and GPU platforms and shows how single-algorithm
split execution can improve SpTRSV performance.
Recent work by Lu et al. [10] uses recursive blocking for
solving SpTRSV on the GPUs. Like the approach in [45] for
dense matrices, they recursively divide the triangular matrix
into two smaller triangular and a rectangular part. When the
recursion depth is reached, adaptively selected SpMV and
SpTRSV kernels are used to solve the system. The kernel
selection is based on features such as the average number
of nonzeros per row and the number of levels. Unlike our
work in which we may decide not to use split execution,
they always perform the matrix partitioning, and the split
point is decided based on the recursion depth instead of
matrix characteristics.

[4]

7

[11]

C ONCLUSION

We devise an SpTRSV split execution model that can automatically divide and execute SpTRSV computation as two
sub-SpTRSV systems, one suitable for less parallel while
the other is suitable for highly parallel execution. Thus,
the framework may utilize two algorithms with contrasting
computational characteristics to solve an SpTRSV system,
where those algorithms may run on different platforms or
on the same platform. Using statistical analysis of SpTRSV
performance data for a parallel-friendly, sequential friendly,
and an existing split execution algorithm, the framework
can automatically determine the suitability of a sparse triangular system for split-execution and automatically determine the split point at which to partition the SpTRSV computation. A C++/CUDA library implements these heuristics
together with multiple CPU and GPU SpTRSV algorithms to
perform split SpTRSV execution.
Experimental evaluation of the framework on two CPUGPU platforms using a diverse set of 327 matrices from the
SuiteSparse Matrix Collection, shows that the framework
achieves speedups up to 10× on Intel Gold CPU + NVIDIA
Tesla V100 GPU machine and up to 6.36× on Intel Core
I7 CPU + NVIDIA G1080 Ti GPU machine over the fastest
SpTRSV algorithm.
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