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Abstract. Sparse triangular solve (SpTRSV) is an important linear al-
gebra kernel, finding extensive uses in numerical and scientific comput-
ing. The parallel implementation of SpTRSV is a challenging task due to
the sequential nature of the steps involved. This makes it, in many cases,
one of the most time-consuming operations in an application. Many ap-
proaches for efficient SpTRSV on CPU and GPU systems have been
proposed in the literature. However, no single implementation or plat-
form (CPU or GPU) gives the fastest solution for all input sparse ma-
trices. In this work, we propose a machine learning-based framework to
predict the SpTRSV implementation giving the fastest execution time
for a given sparse matrix based on its structural features. The frame-
work is tested with six SpTRSV implementations on a state-of-the-art
CPU-GPU machine (Intel Xeon Gold CPU, NVIDIA V100 GPU). Ex-
perimental results, with 998 matrices taken from the SuiteSparse Matrix
Collection, show the classifier prediction accuracy of 87% for the fastest
SpTRSV algorithm for a given input matrix. Predicted SpTRSV imple-
mentations achieve average speedups (harmonic mean) in the range of
1.4-2.7x against the six SpTRSV implementations used in the evaluation.

Keywords: Performance prediction · Sparse triangular solve · hetero-
geneous systems · Performance autotuning

1 Introduction

The sparse triangular solve (SpTRSV) is one of the important kernels used in
direct and iterative methods for sparse linear systems and least square prob-
lems [24]. Efficient implementation of SpTRSV on CPU and GPU has been
extensively studied and many SpTRSV implementations are available [15,19,20,
22, 24, 28, 30, 36]. However, there is no single execution platform or algorithm
that gives the best SpTRSV performance for all input matrices. This is because,
given a sparse matrix, the SpTRSV performance depends upon characteristics
of the available parallelism in the matrix and implementation details of the al-
gorithm (e.g. data structures, the sequence of operations etc.) [37]. Therefore,
CPU has been observed to give better SpTRSV performance for some matrices
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than GPU and vice versa [20, 28]. Also, different SpTRSV implementations on
the same platform have been observed to achieve higher performance than others
for different matrices [19,28]. By selecting appropriate SpTRSV implementation
for a given matrix, one can achieve higher SpTRSV performance. This can result
in considerable performance gains for applications requiring multiple SpTRSV
iterations, e.g., iterative solvers [33]. Given that many SpTRSV implementations
are available for each platform, this selection can be a complex task. An obvi-
ous approach to select the fastest SpTRSV implementation is to run different
implementations one-by-one and collect the empirical results. This, however, is
a time-consuming and non-trivial process as each SpTRSV implementation has
its own data structure, API, and matrix analysis requirements [24,28].

In this paper, we propose a machine learning-based framework for predicting
the fastest SpTRSV algorithm for a given matrix on CPU-GPU heterogeneous
systems. The framework works by extracting matrix features, collecting algo-
rithm performance data, and training a prediction model with 998 real matrices
from the SuiteSparse Matrix Collection [9]. Once trained on a given machine,
the model can predict the fastest SpTRSV implementation for a given matrix by
paying a one-time matrix feature extraction cost. The framework is also capa-
ble of taking into account CPU-GPU communication overheads, which might be
incurred in an iterative solver. We test our prediction framework for two CPU
and four GPU algorithms on a modern Intel Xeon Gold CPU and NVIDIA Tesla
V100 GPU systems. The model achieves an average prediction accuracy of 87%
on our selected platform. Experimental results show predicted implementation
achieving an average speedup (harmonic mean) in the range 1.4x-2.7x over a
lazy choice of one of the six SpTRSV implementations used in this study.

The contributions of this work are summarized below:

– We provide comparative performance results of six SpTRSV implementa-
tions on a CPU-GPU platform.

– We identify an important set of features of a sparse matrix and develop a
tool for efficiently extracting these features.

– We devise a framework to automatically extract matrix features, collect Sp-
TRSV performance data, train machine learning model, and predict the
fastest SpTRSV algorithm.

– We evaluate the performance, accuracy, and overhead of the framework on
a modern CPU-GPU heterogeneous system.

2 Background and Motivation

The triangular solve refers to the solution of a linear system of the form Ly = b
or Ux = y, where L and U are lower and upper triangular matrices and x, y,
and b are dense vectors. Due to the presence of dependencies among unknowns,
triangular solve is an inherently sequential operation not easily lending itself to
efficient parallelization [22]. When L and U are sparse, some of the dependencies
may be missing thus offering an opportunity to calculate some unknowns in
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Fig. 1. A lower triangular system Ly = b (left) and its dependency graph (right) [30]

Table 1. SpTRSV winning algorithm breakdown for 37 matrices in Figures 2

Arch. SpTRSV implementation Winner for # of matrices Percentage

CPU
MKL(seq) 11 29.73%
MKL(par) 2 5.41%

GPU
cuSPARSE(v1) 7 18.92%
cuSPARSE(v2)(level-sch.) 7 18.92%
cuSPARSE(v2)(no level-sch.) 2 5.41%
Sync-Free 8 21.62%

parallel. Figure 1 shows a lower triangular system and its dependency graph. The
nodes of the graph represent row numbers thus unknowns and edges represent
dependencies of unknowns. The horizontal dashed lines separate the set of nodes
into levels where nodes in each level can potentially be calculated in parallel [33].
The levels are numbered sequentially in the order in which computations on
them can begin. As the number of levels, the number of unknowns in a level,
and dependencies among unknowns is a function of matrix sparsity pattern, it
is hard to devise an efficient SpTRSV algorithm for all possible input matrices.

The parallel SpTRSV algorithms proposed in the literature can be broadly
categorized into (i) Level-scheduling [2] (ii) Synchronization-free [14, 18, 22, 24]
(iii) Graph coloring [19, 29] (iv) Partitioned inverse [1], and (v) Iterative algo-
rithms [4]. Most of these algorithms are comprised of two phases, an analysis
phase in which parallelism in the matrix is discovered, and a solve phase in which
the solver solves the linear system in parallel [19]. In level-scheduling algorithms,
the analysis phase constitutes discovering the levels and unknowns within each
level. In the solve phase, the algorithm proceeds level-by-level, synchronizing be-
fore starting computations on a new level. In synchronization-free methods, the
number of dependencies per unknown [24] and in certain variations, the levels
and unknowns within each level [19] are calculated in the analysis phase. Unlike
level-scheduling approach, computations on an unknown can start as soon as its
dependencies are met. The rest of the methods provide an approximate solution
of the triangular system and are not the focus of this study.

For CPUs and GPUs, many implementations for the exact solution of Sp-
TRSV are available. For CPUs, Intel MKL library [15] provides parallel (MKL(par))
and sequential (MKL(seq)) SpTRSV implementations. An implementation based
on dependency graph sparsification has been developed by Park et al. [30] for
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Fig. 2. SpTRSV performance on Intel Xeon Gold (6148) CPU and an NVIDIA V100
GPU (32GB, PCIe).

multicore CPUs. For NVIDIA GPUs, the cuSPARSE library provides SpTRSV
based on the level-scheduling approach with their legacy API (cuSPARSE(v1))
[28]. The newer cuSPARSE SpTRSV (cuSPARSE(v2)) works with or without
level information, depending upon the user’s choice [7]. Weifeng et al. [22–24]
developed a synchronization-free SpTRSV algorithm (Sync-Free) with multiple
right-hand sides for GPUs. In [19,21], the author proposes variations of SpTRSV
based on synchronization-free algorithms for GPUs.

Table 1 shows the breakdown of winning algorithms among six SpTRSV
implementations (2 CPU, 4 GPU implementations) for a set of 37 matrices from
the SuiteSparse matrix collection. Figure 2 shows the comparison for CPU and
GPU winners for each of these matrices. The dashed vertical line separates the
matrices into two groups; matrices attaining the best performance on CPU are
on the left and on GPU, on the right. The x-axis shows the matrix degree of
parallelism (DoP), which equals the average number of rows per level. Results
show that no single algorithm or platform performs best for all matrices.

To find the best SpTRSV implementation for a given matrix, one option is to
test each algorithm individually and select the best performing one. This requires
the programmer to learn new APIs, manage data structures, and perform data
format conversions for each implementation, which is tedious and error-prone.
Moreover, some algorithms require non-trivial analysis time and necessitate mul-
tiple iterations to get stable performance numbers. To aid the programmer, this
work proposes a framework that hides all the mentioned complexities and re-
ports the predicted fastest algorithm by analyzing the matrix features. This can
substantially improve the programmer’s productivity and solver performance.

3 Related work

The general problem of algorithm selection [32] has been previously studied using
statistical [13, 35], empirical [38] and machine learning techniques. OSKI [36] is
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an autotuning library based on statistical techniques for sparse linear algebra
kernels on CPU platforms, particularly the sparse matrix-vector multiplication
(SpMV) and SpTRSV. The library can transparently tune kernels at runtime
using the machine and input matrix characteristics. PetaBricks [3] is a language
and compiler that allows multiple implementations of multiple algorithms for the
same problem and automatically selects the best algorithm by building and using
the so-called choice dependency graph. Sequoia [12] autotunes an application
based on the memory hierarchy of the underlying machine. While PetaBricks
and Sequoia do not take input data characteristics except the data set size, Nitro
[27] framework allows programmers to guide the algorithm selection process by
letting them specify characteristics of the input data they want to be considered
for algorithm selection. These frameworks require programmers to learn new
APIs and procedures to guide the algorithm selection process. A previous work
dealing with SpTRSV execution choice between CPU and GPU is presented in
[16] for the MAPS reservoir simulation system. The approach is, however, specific
to reservoir simulation systems. A recent work by Dufrechou et al. [11] uses
supervised machine learning to automatically select a sparse triangular solver
on the GPUs. They tested their model for selection among cuSPARSE library-
based SpTRSV and three variants of a CSR-based self-scheduling algorithm [10].
Their model managed to achieve an accuracy of close to 81%.

A number of works exist dealing with the selection of solvers and preconditioner-
solver pairs for numerical software. Lighthouse [26] allows users to select the right
solver and generate corresponding code for PETSc applications. It uses machine
learning to analyze the matrix features and select the solver accordingly. Motter
et al. [25] utilize machine learning techniques for selecting solver-preconditioner
pairs for the PETSc framework [5] taking into account machine characteristics.

Unlike many of the previous works [11, 25, 26, 36], our prediction framework
targets heterogeneous CPU-GPU systems. Compared with other frameworks tar-
geting heterogeneous systems [3, 27], it does not require programmer guidance
or target a specific application area [16]. In comparison to the similar work on
the GPUs [11], our framework achieved higher accuracy (87% versus 81%) using
a larger set of features for a wider (6 versus 4) and diverse set of SpTRSV al-
gorithms. In addition, our framework is extensible allowing the inclusion of new
SpTRSV algorithms as they become available [21].

4 Design and Implementation

The prediction framework is designed to automate the SpTRSV algorithm se-
lection process for a given machine and matrix. It is composed of five main
components (Figure 3); (1) An automatically downloadable set of matrices from
the SuiteSparse Matrix Collection, (2) A matrix feature extractor, (3) An Sp-
TRSV algorithm repository, (4) An SpTRSV performance data collector, which
works by automatically downloading matrices, running each SpTRSV algorithm
in the repository for each matrix, and logging the SpTRSV execution time. (5)
A trainer and tester for the machine learning algorithm prediction model, which
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uses matrix features from the feature extractor as the input data and ID of the
winning algorithm from performance data collector as the target for the model
training and testing. Once the model is trained and tested, it can predict the
fastest SpTRSV algorithm for a given matrix based on its features.

Figure 4 shows the design flow for our prediction model. For training the
model, feature and algorithm performance data for the matrix data set is split
into training and testing sets. Once trained with the training set, the model is
tested with the matrices in the test set. Next, we discuss the important parts of
the framework: (1) feature set selection, (2) feature extraction, and (3) machine
learning model for prediction.

4.1 Feature Set Selection

SpTRSV performance is mainly affected by the sparsity pattern (i.e. the dis-
tribution of nonzero (nnz) elements in the matrix) [37]. The sparsity pattern is
described by matrix structural data such as the number of rows, columns, nnzs,
row and column lengths etc. We initially started with a set of around 50 struc-
tural features. After feature correlation analysis and feature score comparison, 30
structural features are finalized. We choose not to reduce the number of features
further because reducing the number of features from 30 to, say, 10 negligibly
improves the overhead of the feature extraction process but results in up to 10%
drop in prediction accuracy. This is because many of the top-scoring features
require per-level information, which in turn requires level calculation, which is
generally the most time-consuming part of the matrix analysis phase [28]. The
majority of the other features can be cheaply collected as a part of the level
calculation process. Table 2 lists the final feature set used by the framework.
The last column in the table also shows the score rank for each feature, where
the lower score rank means a higher impact on performance.

4.2 Feature Extraction

Feature extraction is an overhead for the SpTRSV algorithm prediction and
its execution time should be kept minimum. To achieve this, we employ both
CPU and GPU in our feature extraction tool. This process completes in three



A Prediction Framework for Fast Sparse Triangular Solves 7

Table 2. Selected feature set for the prediction framework

No. Features Description Score rank
1 nnzs Number of nonzeros 1

2-4 <max, mean, std> nnz pl rw
<maximum, mean, std dev>
nonzeros per level row-wise

2, 4, 5

5 max nnz pl cw
maximum nonzeros per
level column-wise

3

6 m Number of rows/columns 6

7-10 <max, mean, median, std> rpl
<maximum, mean, median, std dev>
rows per level

7, 12, 13, 16

11-12 <min, max> cl cnt
<minimum, maximum> column
length count

8, 10

13-14 <max, min> rl cnt
<maximum, minimum> row
length count

9, 11

15-17 <max,std,median> cl
<maximum, std dev, median>
column length

14, 22, 29

18 lvls Number of levels 15

19-21 mean <max, mean, std> cl pl
mean <maximum, mean, std dev>
columns per level

17, 18, 20

22-25 <max,mean,median,std> rl
<maximum, mean, median, std dev>
row length

19, 27, 28, 30

26-30
mean <max,std,mean
,median,min> rl pl

mean <maximum, std dev, mean,
median, minimum> row length
per level

21, 23, 24, 25, 26

steps. In the first step, row dependencies (row lengths) for lower/upper trian-
gular matrices are calculated on GPU. Then, we use a slightly modified CUDA
implementation of Kahn’s algorithm [8] presented in [19] to construct levels in
a triangular matrix. The algorithm calculates levels and rows in a level by per-
forming topological sorting on the dependency graph. It recursively finds rows
with zero dependencies, saves the row IDs of the current level into a queue, and
then removes these rows and their outgoing edges from the graph until no more
rows to process. In addition to level calculation, we also collect some statistics
such as the number of rows per level, row and column lengths per level, and the
nnzs per level. Finally, the remaining features listed in Table 2 are calculated
using the NVIDIA Thrust library [6]. For this purpose, while CPU iterates over
levels, GPU is used to calculate features for that level.

4.3 Machine Learning Model and Training

For training the model, we use the Scikit-learn machine learning library in
Python [31]. As the matrix data set, we choose 998 real square matrices with 1000
or more rows (up to 16M rows) from the SuiteSparse Matrix Collection. We train
the model with two CPU SpTRSV algorithms, namely MKL(seq) and MKL(par),
and four GPU algorithms, namely cuSPARSE(v1), cuSPARSE(v2) with and
without level-scheduling and synchronization-free algorithm (Sync-Free) [24].

We assign a unique integer ID to each of these algorithms and collect features
and SpTRSV performance data for each matrix in our data set in an automated
fashion using the libufget library [17] and our feature extraction tool. The matrix
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features and the ID of the fastest SpTRSV implementation then serve as input
and target, respectively, for training the machine learning model.

For selecting appropriate classifier for the prediction model, we evaluated a
number of supervised machine learning-based classifiers provided by the Scikit-
learn library including Decision Trees, Random Forest, Support Vector Machines
(with grid-search), K-Nearest Neighbors, and Multi-Layer Perceptron Classi-
fier using the Scikit-learn model_selection class. Based on the cross-validation
scores, we choose Random Forest classifier for prediction. The feature scores are
calculated using feature_selection class (SelectKBest function) with chi-
squared used as the score function. Although Deep Neural Networks are suitable
for classification tasks and feature selection is done by the model itself, they take
considerably amount of time to train and a large training set is required. Hence,
we preferred classical supervised machine learning techniques mentioned above
and obtained good prediction accuracy.

To evaluate the performance of the prediction model, we utilize cross-validation
functionality provided by the Scikit-learn model_selection class. For this pur-
pose, features in the input data set are first scaled using Standard Scaler and
the data set is then split into test and training data with train_test_split

function that randomly splits the data set into 75% training data and 25% test
data by default. We keep the default split ratios for our evaluation. Next, we use
k-fold cross-validation with k set to 10. In k-fold cross-validation, training data
set is divided into k smaller sets. For each of k sets, k-1 sets are used as training
data while the remaining set is used for validating the model. The performance
of the k-fold cross-validation is then the average of these results.

4.4 Effects of CPU-GPU Data Transfers

In a CPU-GPU system, executing the fastest SpTRSV algorithm may require
data transfers between CPU and GPU. For instance, GMRES solver with precon-
ditioning performs sparse-matrix multiplication and vector products in addition
to SpTRSV in each iteration [34]. With data transfer overheads, the fastest Sp-
TRSV algorithm may no longer be the fastest as another implementation may
require no data transfer.

To elaborate on this, consider a lower triangular system Ly = b to be solved
with SpTRSV (see Section 2). For iterative methods, matrix L is generally fixed
while b and y are updated every iteration. Consider the scenarios shown in Fig-
ure 5, where computations just before and after SpTRSV, execute on different
platforms. In Figure 5, H->D and D->H represent host-to-device and device-to-
host data transfers, respectively. As shown in the figure, the data transfer for
either the right-hand side or solution vector is inevitable. Therefore, it is always
beneficial to choose the fastest SpTRSV algorithm irrespective of whether it runs
on the CPU or on the GPU. For the scenarios where computations, just before
and after SpTRSV, execute on the same platform and SpTRSV executes on a
different platform (Figure 6), two data transfers are incurred; (the right-hand
side and the solution vector). Consequently, this data transfer overhead may
change the algorithmic choice. To cater for such scenarios, our framework allows
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Fig. 5. CPU-GPU data exchange when
computations just before and after Sp-
TRSV execute on different platforms

Fig. 6. CPU-GPU data exchange when
computations just before and after Sp-
TRSV execute on the same platforms

Table 3. SpTRSV winning algorithm breakdown for the 998 matrices from SuiteSparse

Arch. SpTRSV Implementation Winner for # of matrices Percentage

CPU
MKL(seq) 411 41.18%
MKL(par) 11 1.10%

GPU
cuSPARSE(v1) 111 11.12%
cuSPARSE(v2)(level-sch.) 61 6.12%
cuSPARSE(v2)(no level-sch.) 15 1.50%
Sync-Free 389 38.98%

users to specify whether the rest of the numerical solvers executes on a CPU
(CPU-centric) or a GPU (GPU-centric). For the CPU-centric scenario, the data
transfer time (for the right-hand side and solution vector) is added to each of
the GPU algorithms during the training phase. Similarly, for the GPU-centric
scenario, the data transfer time is added to each of the CPU algorithms be-
fore training the model. Thus, the prediction framework can identify the fastest
SpTRSV in presence of data communication overheads.

5 Evaluation

This section evaluates the performance of different SpTRSV algorithms, our
framework’s prediction accuracy, its performance, and its overhead compared
to the analysis phase of SpTRSV algorithms. The performance results were
collected on a CPU-GPU machine with an Intel Xeon Gold (6148) CPU and
NVIDIA Tesla V100 GPU. CPU has 2 sockets with 20 cores in each and comes

Table 4. Number of rows and nonzero statistics for the 998 matrices from SuiteSparse

Minimum Median Maximum
Number of rows 1K 12.5K 16.24M

Number of nonzeros 1.074K 105.927K 232.232M
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Fig. 8. Model cross validation scores
with 10 features in the feature set

with a 512GB of memory. GPU has 32GB of memory. The Intel MKL implemen-
tations are compiled with icpc compiler from Intel Parallel Studio 2019 with -O3

optimization. For MKL(par), all available CPU cores are used without hyper-
threading. The cuSPARSE and Sync-Free implementations are compiled using
nvcc compiler from CUDA version 10.1 with options -gencode arch=compute

_70,code=sm_70. Statistics for the number of rows and nonzeros for the matrix
data set are given in Table 4.

5.1 Performance of SpTRSV Algorithms

This section presents the experimental results for the six SpTRSV algorithms.
For this purpose, each of the six SpTRSV implementations is run 100 times for
each matrix in the data set and mean execution time is reported. The results
presented here are for the solution of the lower triangular system. Table 3 shows
the breakdown of the winning implementations for the entire matrix data set.
As regards the number of times an SpTRSV implementation was the fastest
for the data set, we observe that, in general, there is no clear GPU advantage
over CPU. Intel MKL(seq) is the fastest for a high percentage of the matri-
ces than any other implementation. This is possibly due to the fact that some
matrices exhibit very low parallelism that can be exploited or variable degrees
of parallelism. In general, Intel MKL(par) shows poor performance. The cuS-
PARSE(v1) surprisingly performs better than two variants of cuSPARSE(v2)
combined. Moreover, on GPU, the Sync-Free implementation is dominant over
cuSPARSE implementations.

5.2 Accuracy of the Framework

The performance of the machine learning model is measured using typical metrics
of accuracy, precision, recall, and f1-score. Figure 7 shows the 10-fold cross-
validation results for the Random Forest classifier with 300 forests and feature
set with 30 features presented in Table 2. The yellow diamond shows the mean
value for each parameter. The classifier achieves an average weighted score of 87%
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Fig. 9. Speedup gained by predicted over lazy choice algorithm. >= 1 indicates speedup
of greater or equal to 1. (Harmonic) mean refers to average speedup achieved by the
framework over the lazy choice. Each bin covers a speedup range e.g. first bin covers
speedups between 0-0.99, second one covers speedups between 1-1.99 and so on.

for accuracy, recall, f1-score, and 89% for precision. It means that our SpTRSV
framework correctly predicts the best algorithm for 87% of the data set.

To evaluate the effect of reducing the number of features on the prediction
model performance, we keep the top 10 features in the feature data set based on
their feature scores (score rank in Table 2) and perform 10-fold cross-validation of
the resultant model. As shown in Figure 8, there is a 7-10% drop in performance
metrics with the reduced set of features. In addition, there is a wider spread of
performance. Considering the possibility of inclusion of new algorithms into the
framework in the future, we keep the 30 features listed in Table 2.

Possible reasons for incorrect predictions by the framework include (1) limited
diversity in matrix data set (2) comparable algorithm performance for a matrix
so that incorrect prediction does not really matter (3) limited feature set. We
will further investigate these reasons in the future.

5.3 Speedup Gained by the Framework

To evaluate the performance benefits of our framework, we compare the speedup
over the lazy choice made by the user for an SpTRSV implementation. Unlike an
aggressive programmer, who may test all the algorithms to find the best perform-
ing algorithm, the lazy programmer always uses the same SpTRSV algorithm
regardless of the input matrix. The speedup is defined as s = Tl/Tp, where Tl is
the execution time of the algorithm that the programmer lazily uses, and Tp is
the predicted algorithm by the framework, which may or may not be the fastest
algorithm. The speedup is calculated based on the SpTRSV running times and
does not include the analysis phase for the algorithms for Tl or Tp.

Figure 9 shows the histogram for the speedups achieved by the prediction
framework over each of the six implementations for the entire data set. The figure
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Fig. 10. Mean overhead of framework versus mean empirical execution time for aggres-
sive and lazy users. 1K-100K, 100K-1000K and >1000K refer to matrix size ranges.

also shows the percentage when the predicted algorithm achieves equal or better
performance than the lazy choice. The results show that the predicted fastest
SpTRSV algorithm achieves the same or better performance for greater or equal
to 95% of the matrices. Note that for the aggressive programmer, our prediction
is 87%, which is presented in Section 5.2. We also observe that the speedup
obtained by the prediction framework can reach tens or even hundreds for some
SpTRSV implementations. Thus, using the framework is highly attractive than
an arbitrary algorithmic choice for the SpTRSV execution.

To evaluate performance loss incurred by incorrect predictions, we compared
the actual fastest SpTRSV against the incorrectly predicted implementation by
our model. The results show that for roughly 3/4th of the incorrect predictions,
the predicted implementation is less than 2 times slower. Considering the pre-
diction accuracy, speedups achieved with correct predictions, and programming
benefits of the framework, we believe this performance loss is reasonable.

5.4 Framework Prediction Overhead

In this section, we evaluate the overhead associated with our algorithm predic-
tion framework. This overhead includes the time spent in feature extraction and
for the model to predict the fastest implementation. The feature extraction time
depends on matrix sparsity pattern and its size while prediction time is con-
stant for all matrices. Feature extraction includes computing dependencies in
triangular matrices, calculating levels, collecting matrix statistics (e.g. row per
level etc.), and calculating the final feature set from these statistics. This phase
is very similar to the analysis phase of the SpTRSV algorithms based on the
level-set method such as cuSPARSE(v1) and (v2) with levels.

We compare the framework overhead with empirical execution overhead. For
the empirical overhead, there are two different types of users: a lazy user, who
conservatively uses the same algorithm and an aggressive user who tests all
six algorithms and chooses the best performing SpTRSV implementation. The
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empirical overhead for an aggressive user for N algorithms is calculated using
the equation:

Empirical Overhead =

N∑
i=1

(Ai + 10 ∗ (TS)i) (1)

where Ai and (TS)i are the matrix analysis phase and single SpTRSV iter-
ation times for algorithm i, respectively. The factor 10 in Equation 1 refers to
the approximate number of SpTRSV executions required to get a stable time
estimate of a single SpTRSV iteration. For the lazy user, there is only a matrix
analysis phase as the lazy user does not question the suitability of the algorithm.

For overhead analysis, we divide the matrices into three groups based on their
sizes (1K-100K, 100K-1000K, >1000K). For each group, we compare the mean
time spent by the framework, by the aggressive user to select the fastest algo-
rithm, and by the lazy user to run the analysis phase of their chosen algorithm.
We assume, without loss of generality, that each SpTRSV implementation runs
its own ILU factorization phase except cuSPARSE(v2)(no level-sch.) that can
use ILU factorization from cuSPARSE(v2)(level-sch.). In some cases, it might be
possible for some implementations to use ILU factorization from another imple-
mentation. However, it will generally require extra effort from the programmer
and might add its own processing overhead (e.g. converting ILU factors from
one data structure to another). For the sake of fairness, we provide an overhead
comparison with ILU factorization time included (w ILU) and excluded (w/o
ILU) ILU from Ai as well as framework overhead. For Sync-Free implementa-
tion, extraction of upper and lower triangular parts of the input matrix as ILU
factorization time as it does not perform actual ILU factorization [23].

Figure 10(a), (b), (c) compare overhead for the three groups of matrices with
ILU factorization time excluded. For matrix sizes less than 1000K, the average
framework overhead is comparable with the time spent by the aggressive user.
For matrix sizes >1000K, the framework overhead is on average 4 times less than
the overhead of the aggressive user. Figure 10(d), (e), (f) compare overhead for
the three groups of matrices with ILU factorization time included. For all matrix
sizes, the average overhead of the framework is observed to be considerably less
than aggressive user time by factors ranging between 5 (for 100K-1000K range)
and 161 (for >1000K range). Overall, considerable time savings can be obtained
by using our framework, especially for large matrices.

We also compute the number of SpTRSV iterations of the predicted algorithm
required to amortize the cost of the framework overhead. For all matrix sizes, the
mean number of iterations required to amortize the framework overhead is within
the range of hundreds. For instance, for the largest group of matrices (>1000K),
a mean number of 127 SpTRSV iterations of the predicted algorithm are required
to compensate for the framework overhead. Considering that an iterative solver
generally requires several hundreds of iterations for convergence, we claim that
the overhead of the framework is acceptable. For aggressive users, we provide an
option to aggressively test each implementation and bypass the prediction, thus
saving time and effort of manual implementation of each algorithm.
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6 Conclusions

SpTRSV is an important and often most time consuming computational ker-
nel with no single SpTRSV implementation shown to give the best performance
for all matrices. In this work, we propose a machine learning-based framework
for predicting the fastest implementation for SpTRSV for a given input matrix
on heterogeneous systems. We train the prediction model with 30 features for
each of the 998 square, real matrices selected from SuitSparse collection, and
six SpTRSV algorithms. The experimental results, on an Intel Gold CPU with
NVIDIA V100 GPU, show our framework achieving an average prediction ac-
curacy of 87% and an average speedup (harmonic mean) in the range 1.4-2.7x
over the lazy programmer scenario whereby the programmer always chooses the
same alogrithm. The framework is extensible with new algorithms as they be-
come available.
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